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1. Introduction 



Let f) be a finite dimensional complex vector space, and G be a finite subgroup 
of G'i(t)). To this data one can attach a family of algebras iJt,c(f), G), called the 
rational Cherednik algebras (see [EGj ): for i = 1 it provides the universal defor- 
\^ ' mation of G k -D(f)) (where D(\)) is the algebra of differential operators on \\). 

(-H , These algebras are generated by G, f), ()* with certain commutation relations, and 

are parametrized by pairs (i, c), where i is a complex number, and c is a conjuga- 
tion invariant function on the set of complex reflections in G. They have a rich 
representation theory and deep connections with combinatorics (Macdonald theory, 
n! conjecture) and algebraic geometry (Hilbert schemes, resolutions of symplectic 
CO ' quotient singularities). 

^ \ The purpose of this paper is to introduce "global" analogues of rational Chered- 

nik algebras, attached to any smooth complex algebraic variety X with an action 
of a finite group G; the usual rational Cherednik algebras are recovered in the case 
V^ ■ when X is a vector space and G acts linearly. 

C^ , More specifically, let G be a finite group of automorphisms of X, and let S be the 

■^ ■ set of pairs (F, g) , where g & G, and F is a connected component of the set X^ of g- 

fixed points in X which has codimension 1 in X. Suppose that X is affinc. Then we 

define (in Section 1 of the paper) a family of algebras Ht^c,uj{X, G), where i € C, c is 

jrt . a G-invariant function on S, and w is a G-invariant closed 2-form on X. This family 

for t = 1 provides a universal deformation of the algebra Hifi^^X, G) ^ G k D{X), 

where D{X) is the algebra of differential operators on X (assuming that uj runs 

through a space of forms bijectively representing H'^{X, C)'-^). 

k> [ If X is not affine, then we define a sheaf of algebras Ht^c,uj,x.G rather than a single 

^ • algebra. In this case the parameters are the same, except that oj runs over a space 

5^ I representing classes of G-equivariant twisted differential operator (tdo) algebras on 

X (see JBBJ, Section 2). 

We find that much of the theory of rational Cherednik algebras survives in the 
global case. In particular, one can define the spherical subalgebra, which is both 
commutative and isomorphic to the center of the Cherednik algebra in the case 
t = 0. The spectrum of this algebra is "the Calogero-Moser space" of X, which is 
a global version of the similar space defined in |EG| . This includes, in particular, 
Calogero-Moser spaces attached to symmetric powers of algebraic curves. One can 
also define the global analog of the theory of quasiinvariants which was worked out 
in |FV[ lEGL IBEGj and references therein. These results can be generalized to the 
case when X is a complex analytic variety. 

It thus appears that the global Cherednik algebras introduced in this paper 
deserve further study. One interesting problem is to develop the theory of modules 
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2 PAVEL ETINGOF 

over these algebras (for t = 1). Another problem, which will be dealt with in 
another paper, is obtaining quantum integrable systems with elliptic coefficients by 
taking global sections of Ht.c,u},x,G for X being a power of an elliptic curve. 

In Section 2, we discuss an application of the theory of global Cherednik al- 
gebras for complex analytic varieties. Namely, for an analytic G- variety X we 
define its Hecke algebra, which is a certain explicitly defined formal deformation 
of the group algebra of the orbifold funcdamental group of X/G. We show that if 
'K2{X) ® Q = (a condition that cannot be removed), then the Hecke algebra is a 
flat deformation. This includes usual, affine, and double affine Hecke algebras for 
Weyl groups, as well as Hecke algebras for complex reflection groups. The proof 
is based on showing that the regular representation of the orbifold fundamental 
group can be deformed to a representation of the Hecke algebra. The required 
deformation is constructed by applying the KZ functor to a module over the global 
Cherednik algebra. 

Acknowledgements. The author is very grateful to A. Braverman for many 
explanations about D-modules, in particular for proofs of Propositions 12.11 and 
12.21 The author thanks V. Ginzburg and A. Okounkov for useful discussions. His 
work was partially supported by the NSF grant DMS-9988796 and the CRDF grant 
RM1-2545-MO-03. 

2. The Cherednik algebra of a G-variety 

2.1. Basic results about D-modules. Let X be a smooth algebraic variety. Let 
Dx be the sheaf of differential operators on X, and Dx — mod be the category of 
D-modules on X. We will need the following well known result. 

Proposition 2.1. One has Ext^^_„„^(Ox, Ox) = H'{X,C). 

Proof. Let D^ be the dual D-module De Rham complex of X: 

Dx ^Ox ^'""{X) ^ ... ^ Dx ®Ox ^'\X) ^ ... ^ Dx, 

where Vt~'^{X) is the sheaf of polyvector fields of rank i on X. Then I?^ is a locally 
projective resolution of the D-module Ox- Thus, the required Ext groups are equal 
to the hypercohomology groups of the complex of sheaves Hom£)_nioduios(£'x) ^^)- 
This complex is just the algebraic De Rham complex oi X. But by Grothendieck's 
theorem, the hypercohomology of the De Rham complex is equal to the cohomology 
of X. This proves the proposition. D 

Note that Proposition 12 . II holds for analytic varieties, with the same proof. 

Now let A" be a smooth algebraic variety over C, and g be an automorphism 
of X of finite order. In this case the set of fixed points X^ is a smooth algebraic 
variety, consisting of finitely many (say, Ng) connected components Xj (possibly 
of different dimensions) . 

Assume that X is affine, and let D{X) be the algebra of differential operators 
on X. Then g acts naturally as an automorphism of D{X). Thus we can define 
the bimodule D{X)g over D{X) (in an obvious way). 

The following proposition computes the Hochschild cohomology of D{X) with 
coefficients in D{X)g. 

Proposition 2.2. We have an isomorphism 

HH"'{D{X),D{X)g) = ®%H"'-^''°'^''^^'^ {X'^. ,€.). 
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This isomorphism is natural in the sense that it is invariant under any automor- 
phism of X that commutes with g. 

Proof. Let us regard D{X) and D{X)g as left D-modules on X x X (using the 
standard equivalence between left and right D-modules on the second factor X, see 
e.g. |Bo|). Let A : X ^ X x X he the diagonal map, and i : X ^ X x X he given 
by the formula x -^ {x,gx). Let rjj : Xj -^ X he the tautological embedding. We 
have 

HH^{D{X),D{X)g) - Ext"(i?(X), D(X)g) = ExtS(xxX)(A*(Ox),**(Ox)) = 
ExtS(x)(0x, A'i,(Ox)) = ExtS(x)(Ox,®,'!fir/,*(Oxj')hcodimX| 
= ®SiExtS(x|)(^;0x,Oxj'[-codimXj']) = 
= ©j^\Ext™(^p (Oxi [+codimXj'] , Oxi [-codimXl]) 
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5j= 1 Ext^ ^^g J {Oxi , Oxi 



^^9 Tjm — 2codimX? / -y- 3 ( 



as desired. The last equality follows from Proposition [Ol O 

We note that Proposition 12.21 for g = 1 and smooth real manifolds is due to 
Kassel and Mitschi (see e.g. ,BG, ). 

Corollary 2.3. One has 

HH"\G K D{X),G^ D{X)) = (©^ec ©Ji i/^-^codirnXj^^s^q^G^ 

Proof. It is well known (see e.g. jAFLS ) that for any algebra A over a field of 
characteristic zero with an action of a finite group G, one has 

HH"\G kA,GxA) = {(SgecHH'^iA, Ag)f. 

Indeed, 

HN'^'iG kA,GxA) = Ext'("GxG)xA®Aop(G k A,G x A) 
By Shapiro's lemma, this equals 

which (by Maschke's theorem for G) is equal to 

Ext:^^^„p (A, GxAf^ HH'^iA, GxAf, 

as desired. 

So ioT A^ D{X), we find 

HH'^iG X D{X), G X D{X)) = {®geGHH'^{D{X),D{X)g)f . 

The rest follows from Proposition 12. 21 D 
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2.2. Twisted differential operators. Let us recall the theory of twisted differ- 
ential operators (see |BBj . section 2). 

Let X be a smooth afhne algebraic variety over C. In this paper we will always 
assume that X is connected. Let D{X) be the algebra of algebraic differential 
operators on X. Given a closed 2-forin uj on X^ we can define a two-cocycle on the 
Lie algebra Vect{X) with coefficients in the module of regular functions Ox, given 
by fjW ^ uj{v,w). This cocycle defines an abelian extension of Vect{X) by Ox, 
which has an obvious structure of a Lie algebroid L^^ over X . It is clear that this 
Lie algebroid depends only on the cohomology class of oj. 

Let U = U{h^) be the universal enveloping algebra of this Lie algebroid. For 
any / G Ox, let / be the corresponding section of "L^. Let / be the ideal in 
U generated by the elements f — f. The quotient U/I is the algebra of twisted 
differential operators D^{X). 

More explicitly, D^{X) can be defined as the algebra generated by Ox and "Lie 
derivatives" Ly, v £ Vect{X), with defining relations 

/L„=L/„, [Ly,f]^Lyf, [Ly,Lw] ^L[y^y,]+uj{v,w). 

This algebra depends only on the cohomology class [uj] of uj, and equals D{X) if 

M = o. 

An important special case of twisted differential operators is the algebra of dif- 
ferential operators on a line bundle. Namely, let i be a line bundle on X. Since X 
is affine, L admits an algebraic connection V with curvature lu, which is a closed 
2-form on X. Then it is easy to show that the algebra D{X,L) of differential 
operators on L is isomorphic to Dt^(X). 

The classical analog of twisted differential operator algebras are twisted cotan- 
gent bundles. In the case of an affine variety X, a twisted cotangent bundle is the 
usual cotangent bundle variety T*X equipped with the new symplectic structure 
H.' = il. + TT*uj, where ft is the usual symplectic structure on T*X and tt : T*X -^ X 
is the projection. Here w is a closed 2-form on X. We will denote the twisted cotan- 
gent bundle byTj;(X). 

If the variety X is smooth but not necessarily affine, then (sheaves of) algebras 
of twisted differential operators and twisted cotangent bundles are classified by the 
space H^{X,n^ ), where il^ is the two-step complex of sheaves 51^. -^ £7^^^ , 
given by the De Rham differential acting from 1-forms to closed 2-forms (sitting in 
degrees 1 and 2, respectively). If X is projective then this space is isomorphic to 
H'^'°{X, C)(BH^''^{X, C). We note that if X is not affine then the twisted cotangent 
bundle is in general not a vector bundle but an affine space bundle, which need not 
be isomorphic to T*X. We refer the reader to |BB| . Section 2, for details. 

2.3. Dt^{X) as a universal deformation. Let _E be a subspace of the space of 
closed 2-forms on X which projects isomorphically to H'^{X). ^ Then D^{X), 
w £ i?, is a family of algebras parametrized by H'^{X). 

Lemma 2.4. Let lj £ E. If the first order deformation Dfi^{X) of D{X) over 
C[fi.]/?i^ is trivial, then tu — 0. 

Proof. If the deformation is trivial then the module Ox over D{X) can be lifted 
to this deformation. This lifting must be trivial as a deformation of Ox-niodules, 



Unless otherwise specified, cohomology of varieties is with complex coefficients. 
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i.e. it is isomorphic to Ox[fi\/fi^ with the usual action of functions, and the action 
of vector fields by 

for some operator Ay, where Lyf is the usual Lie derivative. Since [Li,,;?] = Lyg 
in Dfii^{X), we find that Ay{f) commutes with operators of multiplication by func- 
tions, so using that Lg^, ~ ghy, we get that Ay{f) = rjlv)/, where 77 is a 1-form 
on X. From this, using the commutation relation between L^, and L^,, by a simple 
calculation we obtain dr] = lu. Since the map E -^ H'^{X) is an isomorphism, 
w = 0. The lemma is proved. D 

By Proposition O HH^{D{X), D{X)) = H^{X). Thus using lemmaEH we 
see that the 1-parameter formal deformations of D{X) induced by D^{X), uj E E, 
represent all elements of H'^{X). Therefore, we get the following (apparently, well 
known) theorem. 

Theorem 2.5. Dt^{X), where lu lies in the formal neighborhood of the origin in 
E, is a universal formal deformation of D{X). 

2.4. Algebro-geometric preliminaries. Let Z he a smooth hypersurface in a 
smooth affine variety X. Let i : Z ^ X he the corresponding closed embedding. 
Let N denote the normal bundle oi Z in X (a line bundle). Let Ox{Z) denote the 
module of regular functions on X \ Z which have a pole of at most first order at 
Z. Then we have a natural map of Ox-modules (j) : OxiZ) -^ i^,N. Indeed, we 
have a natural residue map rj : Ox{Z) '^Ox ^x ~^ ^*C>z (where Q}yr is the module 
of 1-forms), hence a map r/ ; Ox{Z) -^ i^Oz ®Ox TX = i^{TX\z) (where TX 
is the tangent bundle). The map (/) is obtained by composing 77' with the natural 
projection TX\z -^ N. 

We have an exact sequence of Ox-modules: 

O^Ox ^ Ox{Z) -^i^N ^0 

(the third map is cj)). Thus we have a natural surjective map of Ox-modules 
^z:TX^Ox{Z)/Ox. 

2.5. Rational Cherednik algebras. Recall the definition of rational Chercdnik 
algebras (see e.g. |EG| ). 

Let f) be a finite dimensional complex vector space, and G is a finite subgroup 
of GL{t)). Let S he the set of complex reflections in G, i.e., elements which have 
only one eigenvalue not equal to 1. Let i £ C, and c : S* — > C be a G-invariant func- 
tion. To this data one attaches an algebra Ht^d^, G), called the rational Cherednik 
algebra of f), G. It is generated by G, (), ()* with defining relations 

gxg-^ = ^x, gyg^^ = ^y, [x, x'] = [y, y'] = 0, 

and the main commutation relation 

[y, x] = t{y, x) -^ Cs{y, as){x, a^)s, 
ses 

where x, a;' S [}*, y, y' € f), a^ is a nonzero linear function on t) vanishing on the fixed 
hyperplane of s in () , and a^ is the element of t) vanishing on the fixed hyperplane 
of s in ()*, such that (as,^^ ) = 2. 
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The algebra Ht,c{i),G) has a natural representation in M = C[()] by Dunkl- 
Opdam operators |DOj : 



x->x,g-> g, y ^ Dy -.^ t— + y s - 1 

oy ^ 1 - ^s as 

(g € G, x G f)*, y G f)), where As is the nontrivial eigenvalue of s in [)*. 

This representation is faithful. Thus we can alternatively define Ht.cOj,G) 
(for t,c being variables) as follows: Ht^d^^G) is the subalgebra of the algebra 
G K £)(())r[i, c] generated over C[t, c] by Oi, = St)*, G, and the operators Dy (here 
D{b))r is the algebra of differential operators on f) with rational coefficients). 

The algebra i?t,c((),G) has an increasing filtration i^* , definedby the rule deg(G) — 
deg([}*) = 0,deg(f)) = 1. The PBW theorem (see e.g. pT^\ savs that sr„(H.Jh. O') 
GKC[f) ©()*]. 

Let yi be a basis of f) and Xi be the dual basis of [)*. Define the Euler element 

where i = dim!) (see |()(t()H| ^. Recall that [h, x] = a; and [h, ?/] = — y for x G [)*, 

ye^- ____ 

Recall | GGOR| that the category O for iJi_c(f),G) is the category of repre- 
sentations of Hic{ij,G) which are direct sums of finite dimensional generalized 
eigenspaces of h, with real part of the spectrum of h bounded from below. Thus, 
any category O module is graded by generalized eigenvalues of h. Note also that 
any M € O is finitely generated over the subalgebra C[f)]. 

Now consider the formal completion Ht^c{^,G) of the Cherednik algebra, i.e. 
its restriction to the formal neighborhood of zero in f). It comes with increasing 
filtration F* and is defined by the rule F^Ht^i), G) = C[[[)]] 8)c[f,] F^Ht,a{h, G). 

If M is a category O module over 7Ji^c(f), G), then the completion M of M by 
the grading defined by eigenvalues of h is a representation of the algebra Ht,c{^, G). 
The category O for the algebra Htc{i), G) is defined as the category of modules of 
the form M. Clearly, the functor Oh^ ^ -^ O^ given by M i-^ M is an equivalence 
of categories. 

We will need the following result. 

Proposition 2.6. The category O^ fh Gl coincides with the category of Hi^cO),G)- 
modules which are finitely generated over C[[f)]]. 

Proof. It is clear that the first category is a full subcategory of the second one; so 
our job is to show that any iJi^c(f), G)-module N which is finitely generated over 
C[[()]] belongs to O. 

Let / be the maximal ideal in C[[f)]]. The module N has a decreasing filtration 
N D IN D PN D ...,, such that the quotients N/I^N are finite dimensional, and 
N is the inverse limit of N / I^N . The element h normalizes /, and adh has positive 
integer eigenvalues on /. This implies that for any A G C the generalized eigenspaces 
{N/I^N){X) form a projective system which stabilizes at some k = fc(A). In par- 
ticular, N{X) is a finite dimensional space which coincides with {N/l''N){X) for 
large k. Thus, the spectrum of h in N is bounded from below (by the minimum of 
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real parts of its eigenvalues on N/IN), and N = M, where M is the direct sum of 
N{X). It is clear that M G Oi^c{i),G). The proposition is proved. D 

Remark. Note that Proposition l2.()l is false for uncompleted algebras i?i,c(f), G). 
Proposition 12.61 is analogous to the statement that any D-module on a formal 
polydisk X which is finitely generated as a module over Ox is a multiple of Ox, 
which also fails in the uncompleted case, X = A". 

2.6. The Cherednik algebra of a variety v^rith a finite group action. We 

will now generalize the definition of Htc{i),G) to the global case. Let X be an 
affine algebraic variety over C, and G be a finite group of automorphisms oi X . Let 
E he a G-invariant subspace of the space of closed 2-forms on X, which projects 
isomorphically to H'^{X). Consider the algebra G k Ot-x, where T*X is the 
cotangent bundle of X. We are going to define a deformation Ht,c.Lu{X, G) of this 
algebra parametrized by 

1) complex numbers i, 

2) G-invariant functions c on the (finite) set S of pairs s = {Y^g)^ where g G G, 
and y is a connected component of the set of fixed points X^ such that codimF = 1, 
and 

3) elements u e E'^ = H^{X)^. 

If all the parameters are zero, this algebra will conicidc with G k Ot-'X- 
Let t,c — {c{Y,g)},uj e E"-^ be variables. Let D^/f_{X)r be the algebra (over 
C[t,t^^,uj]) of twisted {by ui/t) differential operators onX with rational coefRcients. 

Definition 2.7. A Dunkl-Opdam operator for X,G is an element oi D^ff{X)r[c] 
given by the formula 

(1) D:=tU,+ J2 P^-fY{^)-{9^l), 

'-^' i — Ay n 

where XY,g is the eigenvalue of g on the conormal bundle to y , u e T{X, TX) is a 
vector field on X, and /y G Ox{Z) is an element of the coset S,y{v) G Ox{Z)/Ox 
(recall that ^y is defined in Subsection l2.4|l . 

Definition 2.8. The algebra Ht^c,ui{X,G) is the subalgebra of D^/i{X)r[c\ gen- 
erated (over C[t, c, Lj]) by the function algebra Ox, the group G, and the Dunkl- 
Opdam operators. 

By specializing i, c, uj to numerical values, we can define a family of algebras over 
C, which we will also denote Ht^c,uj{X, G). Note that when we set t = 0, the term 
tJjy does not become but turns into the classical momentum. 

Definition 2.9. Ht.c.u){X,G) is called the Cherednik algebra oi X. 

Example 2.10. X = f) is a vector space and G is a subgroup in Gi(f)). Let v 
be a constant vector field, and let /y(a:) — [ay , v) / ay {x) , where ay G f]* is a 
nonzero functional vanishing on Y . Then the operator D is just the usual Dunkl- 
Opdam operator Dy in the complex reflection case (see Subsection l2.5|l . This implies 
that all the Dunkl-Opdam operators in the sense of Definition 12.71 have the form 
X) fi^yi + a, where fi G C[[)], a G G K C[()], and Dy. are the usual Dunkl-Opdam 
operators (for some basis yi of ()). So the algebra Ht.c{i),G) = Ht.c,o{X,G) is the 
rational Cherednik algebra for f), G, see subsection 12. 51 
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The algebra Ht,c,uj{X,G) has a fihration F* which is defined on generators by 
deg(Cx) = deg(G') — 0, deg{D) — 1 for Dunkl-Opdam operators D. 

Theorem2.11. (the PBW theorem) We have grp{Ht,c,u,{X,G)) = Gt<0{T*X)[t,c,uj] 

Proof. Suppose first that X = t) is a vector space and G is a subgroup in GL(()). 
Then, as we mentioned, Ht^c,LuiX,G) is the rational Cherednik algebra for G. So 
in this case the theorem is true. 

Now consider arbitrary X. We have a homomorphism of graded algebras ip : 
gVp[Ht^c,uj{X,G)) -^ G K 0{T*X)[t,c,uj] (the principal symbol homomorphism). 
To define this homomorphism, consider another filtration $* on Ht,c,ui{X,G), ob- 
tained by restricting the usual filtration by order of differential operators from 
G K D^/t{X)r[c]. It is obvious that F"" C $"". Thus for any a e i^™/i^"-i we can 
define ■0(a) to be the image of a in $"'/$'"~-'^. It is easy to see that ^{a) in fact 
belongs to G k 0(T*X) (i.e., has no poles). Thus ip is weh defined. 

The homomorphism tp is clearly surjective, and our job is to show that it is 
injective (this is the nontrivial part of the proof). In each degree, ■0 is a morphism 
of finitely generated O^-modules. Therefore, to check its injectivity, it suffices to 
check the injectivity on the formal neighborhood of each point z € X/G. 

Let a; be a preimage of z in X, and Gx be the stabilizer of x in G. Then Gx acts 
on the formal neighborhood Ux of a; in X. But it is well known that any action of a 
finite group on a formal polydisk over C is equivalent to a linear action. Therefore, 
it suffices to prove the theorem in the linear case, which has been accomplished 
already. We are done. D 

Remarks. 1. The following remark is meant to clarify the proof of Theorem 
12.111 In the case X — i), the proof of Theorem 12. Ill is based, essentially, on the 
(fairly nontrivial) fact that the usual Dunkl-Opdam operators Dy commute with 
each other. It is therefore very important to note that in contrast with the linear 
case, for a general X we do not have any natural commuting family of Dunkl- 
Opdam operators. Instead, the operators (^ satisfy a weaker property, which is 
still sufficient to validate the PBW theorem. This property says that if Di,D2, D^ 
are Dunkl-Opdam operators corresponding to vector fields Wi,f27t'3 :— [fi,W2] and 
some choices of the functions fy, then [Di,D2] — D3 G G x 0{X) (i.e., it has no 
poles). To prove this property, it is sufficient to consider the case when X is a 
formal polydisk, with a linear action of G. But in this case everything follows from 
the commutativity of the "classical" Dunkl-Opdam operators Dy. 

2. Suppose G = 1. Then for t ^ 0, Ht.^{X,G) ^ D^/t{X). On the other hand, 
Ho,UX, G) is the Poisson algebra 0{T*X). 

3. For any G, iJo.o,c.(X, G) ^Gk OiT^X), and Hi,o.UX,G) ^Gk D^{X). 
Also, if A 7^ then HxtMM^, G) = Ht^cA^, G). 

4. The construction of Ht.c.uiX, G) and the PBW theorem extend in a straight- 
forward manner to the case when the ground field is not C but an algebraically 
closed field k of positive characteristic, provided that the order of the group G is 
relatively prime to the characteristic. 

2.7. Cherednik algebra as a universal deformation. 

Lemma 2.12. If for some (c, cj) the first order deformation Hific,huj{X,G) of 
G K D(X) over C[h]/h'^ is trivial then c — 0, uj ~ 0. 
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Proof. Localizing the algebra to formal neighborhoods of points of X/G and using 
that the lemma is true in the linear case (Theorem 2.16 in jEGp . we obtain that 
c = 0. The rest follows from Lemma [2.41 D 

Theorem 2.13. The algebra Hi_c.uj{X,G) (with formal c and to) is a universal 
formal deformation of Hifl,Q{X,G) — G [K D{X). 

Proof. From Corollary 12. 31 we get: 

Proposition 2.14. One has 

HH\G X D{X),G K D{X)) - H^Xf © {®(Y,g)^sH''{Y)f . 

(Note that H^{Y) — C; we wrote H^{Y) to make more obvious the action of G.) 

Thus, the dimension oi HH'^{GkD{X)) is the same as the dimension of the space 

of parameters (c, w). Therefore, Theorem 12.131 follows immediately from Lemma 

Remark 1. A special case of the construction of Ht^c,u){X) is as follows. Let L 
be a G-equivariant line bundle on X . Define H^J^X) to be the algebra generated by 
Ox, G, and the Dunkl-Opdam operators regarded as elements of the smash product 
of G with the algebra of differential operators on L with rational coefficients. It 
is easy to see that H^,,{X) = Ht^c,tuj{X), where u is the curvature of a G-stable 
connection on L. 

Remark 2. Assume G = 1. Consider the family of algebras Ht^^/t{X) := 
Ht^uj/tfi{X, G). As i ^ 0, this algebra can be naturally degenerated into the algebra 
Hoo{X,llj) defined by generators / £ Ox and Pv, v e Vect{X), with defining 
relations 

fPv ^Pfv^Pvf, [pv,Pw]^^{v,w). 
Thus, Hoa{X,LLj) is a quantization of the (degenerate) Poisson structure on T*X, 
whose Poisson bracket is defined by the formula 

{f,g} = 7r*w(w/,Wg), 

where /, 5 G Ot*x, and Vf,Vg the corresponding Hamiltonian vector fields. The 
algebra Ot*x with this Poisson structure is obtained as the limit of Hqj^/^{X) 
when t goes to zero. 

Remark 3. The above results generalize without significant changes to the case 
when the group G acts on X in a not necessarily faithful manner. In this case, let K 
be the kernel of this action, so that G/K C Aut(X). Then the algebra Ht^c,cu{X, G) 
is defined as above, except that w is a G-invariant 2-form on X with values in the 
center of the group algebra of K. The algebra Ht^c,Lo{X,G) satisfies the PBW 
theorem and Hi^c,uj{X, G) is a universal deformation of Hififi{X, G) — G « D{X). 
These results are proved similarly to the case of the faithful action. 

2.8. The spherical subalgebra and the center of the Cherednik algebra. 

Let e = |G|^^ '^necd ^^ ^^^^ symmetrizing idempotent of G. Then we can define 
the spherical subalgebra eHt.c,u{X, G)e of iJt^c,w(X,G). We denote by Zo^c,lu{X, G) 
the center of Ho^c,lu{X, G). 

Theorem 2.15. (i) gr^(Zo,c,^(X, G)) = Zo,o,o(^,G) = Ot-x/g- 

(ii) (Satake isomorphism) The map z —> ze gives an isomorphism Zq^c,u{X, G) — > 
6^o,c,(.i;(A", G)e. In particular, eHoc.i^{X,G)e is a commutative algebra. 



10 PAVEL ETINGOF 

Proof. Part (i) is obvious from the definition. Part (ii) follows from (i), since (i) 
means that the associated graded of the map (ii) is an isomorphism. D 

Let Mc^uj{X, G) be the spectrum of Zq^c,ui{X, G). It follows from the above that 
Mc^u {X, G) is an irreducible Poisson variety (the Poisson structure comes from the 
deformation of eHQc,uj{X,G)e into eHt^c,uj{X,G)e). We also have a Lagrangian 
map TT : Mc^u{X, G) -^ X/G, whose generic fiber is T*X . 

Example 2.16. Mo,,^(X,G) = T*X/G. 

Note that the variety structure of Mc^uj{X, G) is independent of uj, and only the 
Poisson bracket depends of w. In fact, the dependence of the Poisson bracket on 
Mc,aj {X, G) on bj is given by the formula 

where Vf,Vg are the hamiltonian vector fields corresponding to functions f,g. 

2.9. Globalization. Now let X be any smooth algebraic variety, and G C Aut(X). 
Assume that X admits a cover by affine G- invariant open sets. Then the quotient 
variety X/G exists. 

For any affine open set U in X/G, let U' be the preimage of U in X. Then we can 
define the algebra Ht.c,o{U' , G) as above. liU dV, we have an obvious restriction 
map Ht^cfi{V , G) -^ Ht^cfi{U' , G). The gluing axiom is clearly satisfied. Thus the 
collection of algebras Ht^c.o{U' , G) can be extended (by sheafification) to a sheaf of 
algebras on X/G. We are going to denote this sheaf by Ht,c.o,x.G and call it the 
sheaf of Cherednik algebras on X/G. Thus, Ht^c,o,x,G{U) = Ht^c,o{U' ,G). 

Similarly, if V' G H^{X, il-^ )'^, we can define the sheaf of twisted Cherednik al- 
gebras Ht.c,ip.x,G- This is done similarly to the case of twisted differential operators 
(which is the case G = 1). In particular, if L is a G-equivariant line bundle on X, 
then we can define the sheaf of algebras H^^ x G '^^ ^^^ obvious way (it is glued out 
of the algebras H^,,{U',G)). 

Analogously, the varieties Mc,tf,{U' , G) can be glued into a single variety Mc.t(,{X, G), 
which is Poisson and has a surjective Lagrangian projection tt : Mc,^(X) — > X. 

Definition 2.17. The variety Mc.ii,{X,G) is called the Calogero-Moser space of 
X. 

Example. Mo^^,{X, G) — T*X, the twisted cotangent bundle of X |BB| . Section 
2. 

2.10. Modified Cherednik algebras. It will be convenient for us to use a slight 
modification of the sheaf Ht^c,ip,x,G- Namely, let 77 be a function on the set of 
conjugacy classes of Y such that (V, g) G S. We define Ht^c.-q.ip,x,G in the same way 
as Ht,c,tp.x,G except that the Dunkl-Opdam operators are defined by the formula 

(2) D:=tU+ J2 fYix){ip^{g-l)+viYm. 

The following result shows that this modification is in fact tautological. Let ipy 
be the class in H'^{X,U^ ) defined by the hne bundle Ox{y)~^i whose sections 
are functions vanishing on Y . 

Proposition 2.18. One has an isomorophism Ht,c,ri,ip,x,G ~* ^t.c.?/j+v ri(Y)^Y,x,G- 
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Proof. Let y (z Y and z be a function on the formal neighborhood of y such that 
z\y — and dzy ^ 0. Extend it to a system of local formal coordinates z\ — 
z, Z2, ..., Zd near y. A Dunkl-Opdam operator near y for the vector field ^ can be 
written in the form 

m— 1 ^ 'i/ 

Conjugating this operator by the formal expression z'^^^\ we get 

az z ^^ 1 - A?>„ ^ ^ 

This implies the required statement. D 

We note that the sheaf -ffi,c,?),o,x.G localizes to G k Dx on the complement of 
all the hypersurfaces Y . This follows from the fact that the line bundle Ox^) is 
trivial on the complement of Y . 

2.11. Examples. In this subsection we will give a few examples of Cherednik alge- 
bras and Calogero-Moser spaces of varieties. We plan to give more details in future 
publications. 

Example 2.19. Let C be a smooth complex algebraic curve, and X — C", G — Sn 

(n > 1). In this case, c is a single parameter. If C = C then Ht^c,o{X,G) is the 
rational Cherednik algebra corresponding to the group Sn acting in the permutation 
representation C" (see |EGj '). If C = C* then Ht.c.o{X,G) is the trigonometric 
Cherednik algebra for Sn (the degenerate double affine Hecke algebra), defined by 
Cherednik. But for other curves we obtain new algebras. Note that if the curve is 
projective, then the sheaf i?f,c,o.x,G admits a 1-parameter deformation Ht^c,ip,x,G 
(where ^/^ is a multiple of the class of the line bundle i^", L being a degree 1 line 
bundle on C). 

Note that for any curve C and c / 0, the varieties A'Ic.-ip{X,G) are smooth 
and admit a Lagrangian projection to 5"C. This is checked by looking at formal 
neighborhoods of points of X/G — S^G, where the statement follows from the 
results of [En]. 

As an example, look at the case G — F^, and consider the algebra of global 
sections At^c,uj = ^{Ht,c,u,x.G)- It is easy to see that ^i,o,i/> ~ Sn x -D^(P"^)®" = 
Sn X ^f"", where V^ is the Dixmier quotient, i.e. the quotient of U{sl2) by the 
central character of an s/2-inodule with highest weight ■0. More generally, let 
HtyiC^^Sn X ^2): c' — {c[,C2), be the rational Cherednik algebra of type Bn 
(see |BEG1| . Section 6). Let p be the averaging idempotent for the group Zj. 
Then one can show that At^ctp is isomorphic to pHt.c'iC^, Sn x Zg)^ for c' related 
to (c, Tp) by the invertible linear transformation: c'l — c, (^2 — "tp — (n — l)c + 1/2. 

This realization allows us to give a Borel-Weil type construction of some finite 
dimensional representations of ^i.c,!/- — pHi^c'{C", Sn x Z2)p. Namely, assume 
that t = 1 and ^ = to is a nonnegative integer. Then the algebra Ai^cip admits 
a representation Wm of dimension (m + 1)", on global sections of the line bundle 
(L )®™. It can be checked that this representation has the form pN{C), where 
N{C) is a highest weight representation of Hi^c'{C", Sn x Zj) with trivial highest 
weight (of dimension (2to, + 1)"), introduced in |BEG1| . Theorem 6.1. 
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Example 2.20. Let t) be a finite dimensional complex vector space, G be a finite 
subgroup in PGL{t)), and G" its preimage in GL{t)). Let G be the intersection of 
all subgroups of G' which project onto G, and which contain all complex reflections 
of G'. It is easy to see that G is a finite group. Let K be the intersection of G with 
scalars in GL(()); it is clearly a cyclic group, and G/K ~ G. 

Let X = ¥t)he the projective space of f). Then we can define the shea.i Htc,ip,x,Gi 
where ■(/' is a single parameter (corresponding to twisting by a power of the tauto- 
logical line bundle). 

Observe that the set S of pairs {Y, g) can be G-equivariantly identified with the 
set of complex reflections in G; thus the parameter c is a function on the set of 
conjugacy classes of complex reflections in G. 

Consider the algebra of global sections of the sheaf Ht^c,ii),x,G, which we denote 
by At^ctp- It is easy to show that ^1,0,1/- = G k D^{Fl)). In other words, Ai,o,v = 
{GkD{1))[0])/{E — ^jj^K = 1), where l?(f))[0] is the algebra of differential operators 
on f) which are stable under the Euler vector field E. More generally, one can show 
that 

At,c,y, = HtAi), G)[0]/(h = f - E T^ + V^, ^ = 1), 

ses " 

(note that h is a central element of Ht^d^, G)[0]). 

Example 2.21. Let us specialize the previous example to the case dim f) = 2. Thus 
G C PSU{2). Let F be the preimage of G in SU{2). The kernel of the map from 
F to G consists of the identity 1 and minus identity z. 

Note that we have a natural bijection from SU{2) \ {l,z} to the set of pairs 
(y, g), where g G PSU{2) and y G P^ is a fixed point of g. This map is defined by 
7 ~^ {y-i 7); where 7 is the projection of 7 to PSU(2), and y is the fixed line of 7 on 
which it acts with eigenvalue having positive imaginary part. This shows that the 
set S can be identified with the set of conjugacy classes in F of elements not equal 
to l,z. Let p^ = (1 + z)/2. 

Consider the shea.i Ht.c.if,{P^, G). Let the algebra of its global sections be denoted 
by At^cjp- It is easy to show that ^1,0,1/; = G ix D^(F^). 

Recall that in |CBH| , Crawley-Boevey and Holland defined a family of algebras 
Qx, parametrized by elements A of the center of C[F], which are the quotient of 
the smash product F k r(C^) of F with the tensor algebra of the tautological 
representation by the ideal generated hy xy — yx — X (where x, y is a basis of C^). 

Thus, ^1,0,1/' — PzQxPz for X — 1 — z. More generally, one can show that 
At,c,i; — PzQxPz, where A is related by an invertible transformation with (t, c, ip). 

The combination of the above two examples shows that the algebra PzQxPz can 
be obtained as a quotient of Ht^d^, G)[0]. 

This allows one to explicitly construct finite dimensional representations oipzQxPz 
(this is done somewhat implicitly in CBHJ). One way is to look at representations 
of Ht^c{i), W) [0] on weight subspaces of representations of Ht^di), W) from category 
O (for t y^ 0). Another method is to use the equality At.c.ip = PzQxPz, and consider 
finite dimensional representations of At.c.ip for integer ip = m on sections of the 
G-equivariant vector bundle L(^V onV^ [L is the tautological line bundle, and V 
is an irreducible representation of F in which z acts by (—1)™). 

2.12. Finite dimensional iJ^^c, ^,x,G-iiiodules. An i/t^c,0,x,G-inodule is a quasi- 
coherent sheaf on X/G with a compatible action of the sheaf of algebras Ht^c,^,x,G- 
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Of special interest is the category of finitely generated Ht_c,i/',x,G-modules M, i.e., 
quotients of Hf^^ -^ q. This category is a generalization of the category of finitely 
generated G-equivariant twisted D-modules on X, and deserves a special study, but 
we will limit ourselves to discussing finite dimensional objects M in this category, 
i.e., such that the space of sections M{U) on every open set U is finite dimensional. 
Such modules exist for i = and also for t 7^ and special values of c. 

For X € X, let Gx be the stabilizer of x in G; then Gx C GL{TxX). Let Cx be 
the function on the set of conjugacy classes of complex reflections in Gx defined by 
Cx{g) — c{Yg,g), where Yg is the component of X^ that passes through x. 

Proposition 2.22. (i) Let M be an indecomposable finite dimensional module over 
Ht^c,ip,x.G- Then the set-theoretical support of M on X/G consists of one point 
z e X/G. 

(ii) Let X be any point of X projecting to z. The category of finite dimensional 
Ht,c,ip,x.G-i^odules supported at z is equivalent to the category of finite dimensional 
modules over the rational algebra Ht^c^{TxX,Gx) attached to the group Gx acting 
in TxX . 

Proof, (i) The statement follows from the fact that the adjoint action of Ox/g{U) 
on Ht^c,Ti>,x,G{U') is locally nilpotent. 

(ii) Let M be a finite dimensional Ht^c.)p,x,G rnodule supported at z. Then the 
maximal ideal sheaf /^ of z acts nilpotently on Af , so M can be extended to a 
module over the (degreewise) completion H^^ ^ x g ^^ Ht^c,iij,x,G with respect to 
Iz (this completion is defined similarly to the linear case, see subsection 12. 5(1 . 

Let (f) : X ^r X/G be the natural map. The algebra H^ ^ ti, x g ^^ isomorphic 
(non-canonically) to ®y^^~ii^z)Ht,cy{TyX,Gy), where tilde denotes the completion 
defined in subsection 12.51 Thus the fiber Mx of M over x (as an C-module) has 
a natural structure of a Ht^cATxX,Gx)-Tiio(iVi\e. Restricting this module to the 
algebra Ht,c(TxX, Gx), we obtain a functor in one direction, given by Af — > Mx. 

To construct the functor in the opposite direction, let A'^ be a finite dimensional 
module over Ht^c^{TxX,Gx). Let N' = Ind^ (iV). Arguing as above, we can turn 
N' into a module over Ht^c,if>,x,G- So the desired functor is iV — > N'. It is easy to 
verify that the two functors are mutually inverse, which proves (ii). D 

Thus the problem of describing finite dimensional representations of Ht.c.^.x,G 
reduces to the linear case, treated in jBEGlj and references therein. 

2.13. Quasiinvariants. In this subsection we will discuss the global version of the 
theory of quasiinvariants for reflection groups. One can generalize it to complex 
reflection case using the ideas of the work in progress |BC| . 

Let X be a smooth complex algebraic variety, G C Aut(X), and assume that the 
quotient X/G exists. Let S2 C S he the set of pairs {Y,g) C S for which g-^ = 1. 
Any function on S2 can be regarded as a function on S using extension by zero. 

Recall that (f) : X ^r X/G denotes the natural map. 

Let m : S2 —> Z_|_ be a conjugation invariant function. The sheaf of m-quasiinvariants 
oi X, G, denoted Qm.,x,G, is defined to be the subsheaf of (/), Ox whose local sections 
satisfy the condition: for any {Y,g) G 5*2, f — ^ f vanishes to order 2m{Y,g) + 1 at 
Y. This is a sheaf of rings on X/G. This sheaf is the structure sheaf of an algebraic 
variety Xm, together with a natural map C : A" — > Xm (the normalization map). 
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By looking at formal neighborhoods of points, it is easy to check (see |BEG| ^ that 
C is birational and bijective. 

With these definitions, it is not hard to see that the main results of |EGlirEEG| 
extend to the global case. Namely, we have the following result. 

Proposition 2.23. X^ is a Gorenstein variety. 

Proof. The statement is local with respect to X/G, so it can be checked on formal 
neighborhoods of points, which is the Feigin-Veselov conjecture proved in |EG1I 

IBeHI . D 

Now observe that the sheaf of algebras i?i,m,o,x,G acts on <j)^Ox- Hence the 
sheaf of spherical subalgebras eiJi_m,o,x,Ge acts in e(/)*Ox = Ox/g by differential 
operators. Thus we can extend this action to an action on C(X) (by using the same 
differential operators). 

Proposition 2.24. Qm,x.G is invariant under the action of the sheaf of spherical 
subalgebras e_ffi ,„.o,x,Ge- 

Proof. This is again a local statement, so it can be checked on formal neighborhoods 
of points, which is done in BEG . D 

3. Cherednik algebras of analytic varieties and Hecke algebras 

The construction and main properties of the Cherednik algebras of algebraic 
varieties can be extended without significant changes to the case when X is a 
complex analytic variety or a smooth real manifold. We will not specify the routine 
modifications involved; rather, we will use Cherednik algebras for analytic varieties 
to define certain deformations of orbifold fundamental groups which we call Hecke 
algebras, and prove that in certain cases they are flat. 

3.1. Orbifold fundamental group. Let X be a complex analytic variety, and G 
is a finite group of automorphisms of X. Then X/G is a complex orbifold. Let 
a: e X be a point with trivial stabilizer. In this case we can define the orbifold 
fundamental group ■7t°'^^ (X/G, x) . This group is generated by homotopy classes of 
paths on X connecting x and gx for g € G, with multiplication defined by the rule: 
7i o 72 is 72 followed by 571 , where g is such that gx is the endpoint of 72 . We have 
an exact sequence 

1 ^ 7ri(X,x) ^ Tr°'^{X/G,x) -^ G ^ 1. 

Note also that tt"*^ (X/G, x) = 7ri((X x EG)/G), where EG is the universal cover 
of the classifying space of G. In other words, the action of G on X gives rise to an 
associated bundle with fiber X over the classifying space BG, and ■k°'^^ {X / G , x) is 
the fundamental group of the total space of this bundle. 

Let Z be the set of all points of X having a nontrivial stabilizer; then Z is a 
closed subset of X. Let X' = X \ Z. The fundamental group tti{X' /G,x) will be 
called the braid group of X/G. 

Now let S be the set of pairs {Y, g) such that F is a component of X^ of codi- 
mension 1 in X. For {Y,g) £ S, let Gy be the subgroup of G whose elements act 
trivially on Y. This group is obviously cychc; let ny = \Gy\. Let Cy be the con- 
jugacy class in ■ki{X' /G,x) corresponding to a small circle going counterclockwise 
around the image of Y in X/G. 
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Proposition 3.1. The group tt°'-'^{X/G, x) is a quotient of the braid group tti{X' /G, x) 
by the relations T"^ — 1 for all T G Cy ■ 

Proof. We have an obvious surjective map : tti{X' /G, x) — > tt°'^^{X/G, x) induced 
by the embedding X' ^ X. The kernel of this map obviously contains elements 
rpuY ^ rp g ^^ ^ rp-j^g ^^^^ ^j_^g^^ ^j^^ kemcl Is gencratcd by these elements follows from 
the Seifert-van Kampen theorem. D 

3.2. The Hecke algebra of X/G. For any conjugacy class of hypersurfaces Y 
such that (y, (?) G S we introduce formal parameters riy, ..., Tn^y. The entire 
collection of these parameters will be denoted by t. 

Definition 3.2. We define the Hecke algebra of X, G, denoted Ht{X, G, x), to be 
the quotient of the group algebra of the braid group, C[7ri(X'/G, a;)][[r]], by the 
relations 

riY 

(3) 11 (^ - e^"^/"^ e^'^ ) = 0, T eCy- 

i=i 

It is clear that up to an isomorphism this algebra is independent on the choice 
of X, so we will sometimes drop x form the notation. It follows from Proposition 
Othat nriX,G,x)/{T = 0) = C[7r5"'^(X/G,a;)]. Thus, HriX^G) is a deformation 
ofC[7rJ^'^(X/G)]. 

The main result of this section is the following theorem. 

Theorem 3.3. Assume that 7r2(X) ® Q = 0. Then Ht{X,G) is a flat formal 
deformation of C[Tr1'^^{X/G)]. 

Remark. One can also define the Hecke algebra Ht{X,G,x) for complex pa- 
rameters T, generalizing the above formal definition in an obvious way. 

The rest of the section contains the proof of Theorem 13.31 and examples of its 
application. 

3.3. The Knizhnik-Zamolodchikov functor. In this subsection we will define 
a global analog of the KZ functor defined in |GGORj . This functor will be used as 
a tool of proof of Theorem 13.31 

As we mentioned, similarly to the algebraic case we can define the sheaf of 
algebras ^i,c,?),o,x,g on X/G. Note that the restriction of this sheaf to X' /G is the 
same as the restriction of the sheaf G k Dx to X' /G (i.e. on X' /G, the dependence 
of the sheaf on the parameters c and rj disappears). This follows from the fact that 
the line bundles Ox{Y) become trivial when restricted to X'. 

Now let M be a module over Hi^c,r),o,x,G which is a locally free coherent sheaf 
when restricted to X' /G. Then the restriction of M to X' jG is a G-equivariant 
D-module on X' which is coherent and locally free as an O-module. Thus, M 
corresponds to a locally constant sheaf (local system) on X' /G, which gives rise to 
a monodromy representation of the braid group 7ri(X'/G, x). This representation 
will be denoted by KZ{M). This defines a functor KZ, which is analogous to the 
one in jCTnORJ. 

It follows from the theory of D-modulcs that any Oj^/Q-coherent Hic,ri,o,x,G- 
module is locally free when restricted to X' /G. Thus the KZ functor acts from 
the abelian category Cc,ri of Ox/G"Coherent ffi_c,77,o,x,G-modules to the category of 
representations of tti{X' /G, x). It is easy to see that this functor is exact. 
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For any Y, let gy be the generator of Gy which has eigenvalue e^'^*/""^ in the 
normal bundle to Y . Let (c, rj) — > t(c, 77) be the invertible linear transformation 
defined by the formula 

r,y = -2.^{2 J] c{Y,9-)^--,—j^+r,{Y))/ny. 

771 — 1 

Proposition 3.4. The functor KZ maps the category Ccq to the category of rep- 
resentations of the algebra Ti.^t^,i\(X,G). 

Proof. Let M € Cc,r]- Let y G F be a generic point. Let us restrict M (as a 
coherent sheaf) to the formal neighborhood oi y in X; this will give a module My. 
The formal neighborhood of y in X can be Gy-equivariantly identified with the 
formal neighborhood of zero in TyX; thus, we can view My as a module over the 
completion of the modified Cherednik algebra Hic .rj {TyX,Gy) (where Cy^rjy are 
appropriate restrictions of c, 77). According to ProDOsition l2.6l this module belongs 
to category O. 

The localization of My to the complement of TyY is a Gy-equi variant D-module 
on the formal neighborhood of zero in TyX punctured along TyY. This D-module is 
given by a flat connection with regular singularities along Y (since Dunkl-Opdam 
operators have regular singularities). This connection has a well defined mon- 
odromy operator T, defined up to conjugation. Our job is to show that T satisfies 
polynomial equation ||2J). For this it suffices to show that if N is any module over 
Hi^cy,7]yiTxY,Gy) from category O, then the corresponding monodromy operator 
T satisfies equation @. 

Let Hi^c,r]ii),G) denote the algebra of global sections of the sheaf ffi.c,o,?;.fi,G- 
Recall KJ('lOl^,| . Theorem 5.13: 

Theorem. If G C GL(f)) is a complex reflection group, and A^ is a module over 
Hi^cj^i^, G) from category O then KZ{N) is a module over 'HT{c,ri){^^ G)- 

Thus the required statement follows from |GGOR,| . Theorem 5.13 for cyclic 
groups G. D 

Remark. Note that Theorem 5.13 of )(t(t()H,j for cyclic groups G is very easy 
to prove. Namely, let n = |G|, and g be the generator of G whose nontrivial 
eigenvalue in \) is e^'^*/". Let Xj be the character of G given by Xjig) = e^'^*-'/". An 
easy computation (see |(t(4()E| 1 shows that if A'^ is the standard (=Verma) module 
M{xj) with highest weight %_,■, then KZ{N) is the 1-dimcnsional character (j of 
Kt, given by 

C2Tii "^^ 1 — p-2iTijm/n \ 

777 — 1 / 

Now, since KZ is an exact functor, it suffices to prove the statement for projective 
objects N = P. A projective object P for cyclic G has a Vcrma flag, where 
each Verma module occurs at most once, and any occurring Verma module N[xj) 
gives rise to the same character Q — C, (this immediately follows from the BGG 
reciprocity). Thus, on KZ{P) we have (T — CC^))' = O7 where I is the number of 
j such that Cj = C- This imphes that equation n"=i(^ ~ Cj(r)) holds in KZ{P), 
as desired. 
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3.4. A lemma on deformations. Let X be the universal covering space of X 
with base point x. Let tt : X —> X he the covering map. Consider the sheaf 
M' = 7T\{0), the direct image with compact supports of the structure sheaf. Thus 
sheaf has a natural structure of a D-module on X. Let M = Indn^ ^ M' be the 
corresponding equivariant _D-module. Thus M is a module over -ffi, 0,0,0, x,g- 

A central role in the proof of Theorem 13.31 is played by the following lemma. 

Lemma 3.5. If tt2{X) ® Q = then the G-equivariant D-module M has a unique 
formal deformation to a module over Hi^c,ri,Tp,x,G- 

Proof. As usual, first order deformations lie in Ext (M, M) and obstructions in 
Ext^ (M, M) (the Exts are taken in the category of G-equivariant D-modules on 
X). So it suffices to show that these two Ext groups vanish. 

Using Shapiro's lemma and the fact that the functor tt* (inverse image) is right 
adjoint to tti, we have 

ExtcKDx {M, M) = Ext'^,^ (M', ResAf ) = Ext*^,^ (0, 7r*ResAf ). 

(Here Res denotes the functor of forgetting the G-equivariant structure of a G- 
equivariant D-modules on X). But it is easy to show that 7r*ResAf = O ® 
C[<^''(A/G)]. Thus, 

Ext^,^^ (Af, M) = Extl,^ (O, O) ® C[<^A/G)]. 

Thus, using Proposition 12 . II for analytic varieties, we finally obtain 

^^^g^dJM.M) = H\X,C)®CK'''{X/G)]. 

Since X is simply connected, this clearly vanishes for i — 1. Now, since 7r2(A)®Q — 
0, we have 7r2(A) ® Q = 0, and hence by Hurewicz's theorem H'^{X,C) = 0. Thus 
Ext also vanishes, and we are done. D 

3.5. Proof of Theorem 13.31 Let Mi_c,,),^ be the deformation of M whose exis- 
tence and uniqueness is claimed in Lemma 13.51 Then Mi^c,ri,o becomes an ordinary 
G-equivariant D-module when restricted to the open set X'. 

We begin with explaining that even though the module Mi^c,ri,o is, in general, 
infinitely generated as an O-module, we can still apply the functor KZ to it and ob- 
tain a braid group representation KZ{Mi^c.r].o)- Essentially, this is possible because 
the parameters c, rj are formal, and thus the differential equation whose monodromy 
needs to be computed can be solved using Chen integrals, like in Drinfeld's work 
on the formal KZ equation jDrj . 

In more detail, let {Bi} be a cover of X'/G by small balls. On each Bi, the 
module M can be trivialized, i.e., identified with 0®F, where F = <C[Kf'°{X/G)\, 
so that the flat connection on M\xi /g becomes the trivial connection. Then we get 
transition maps g^j on Bi n Bj, which are just elements of 7r°'''^(A/G). 

Now consider the module Mi.c,,),o, which is a deformation of Mi^o,o.o = M . On 
X'/G, this is a deformation of bundles with a flat connection, so it can be under- 
stood as a collection of elements gij(c,r])(z) (transition functions), and uji{c,r]) 
(connection forms). Here gij{c,r]) are formal series in 0,77 with coefficients in 
Homc(F, 0{Bi D Bj) iS) F), and uji{c, rj) are formal series in c, 77 with coefficients in 
Homc(F, n^''^''{Bi) (g) F), such that gij{c, rj) satisfy the cocycle condition for transi- 
tion functions, the connections d+uji{c, rf) on Bi glue into a flat connection on X'/G, 
and 5ij(0,0) = g^pUJi{Q,Q) — 0. Now, given a path 7 starting and ending at x, it 



18 PAVEL ETINGOF 

can be subdivided into finitely many consecutive segments 7fc, A; = 1, ..., ?i, which he 
inside of one bah Bi,, (we assume that x is the beginning of 71 and the end of 7„ , and 
use the same ii for all 7). Solving the differential equation df+tOi^, (c, 77)/ = in i?i^ 
(which we can do using Chen integrals since a;(0, 0) — 0, even though dimi^ may be 
infinite), we find the monodromy operator Ak from the beginning to the end of 7^. 
Clearly, Ak G 1 + /End_F, where / is the maximal ideal in C[[c, 77]]. The monodromy 
operator ^(7) along 7 is defined to be A^ = gi-^i^A„gi^^i^^iAn~i--.A2gi2i^Ai. Then 
7 1-^ A^ defines a representation of the braid group on F[[c, 77]]. This is the desired 
monodromy representation KZ{Mi^c,ri,o)- 

Next, we claim that KZ{Mi^c,ri.o) is in fact a representation of the Hecke alge- 
bra 7iT-(c,,))(^, G); in other words, we can apply Proposition 13.41 even though the 
representation may be infinite dimensional. To see this, let us replace X with a 
small ball B around a generic point y (z Y (so that B is invariant under the sta- 
bilizer Gj,), and G with Gy. If we restrict our modules to B, we will obviously 
obtain M\b = W ® M^ , where M^ is the analog of the module M for X replaced 
with B and G with Gy, and W is a, vector space (which can be naturally identi- 
fied with C[tt°'^{X/G)/ < Ty >], where Ty is a loop around Y in X/G). Now, 
by Lemma I3. 51 the unique deformation of M^ to a module over Hi^cY,nY,o,B,G is 
^F,CY,VY,o- This implies that Mi_c,r,,o|B is isomorphic to W (» M^^^^^^^q. But M^ 
has finite dimensional fibers (their dimension is the order ny of Ty), so Proposition 
13.41 can be applied to it. Thus we get that KZ{Mi^c,ri,o\B) is a representation of 
the Hecke algebra of B. Since this is valid for all Y, we see that KZ{Mi^c.rj.o) is a 
representation of the Hecke algebra Hr(c,rj){X, G), as desired. 

Now we are ready to finish the proof of Theorem l3.3l As we have shown, the braid 
group representation i(rZ(Mi_c,?),o) factors through the Hecke a,lgehra7ir(c,r]){X , G). 
If c, 77 = 0, this representation is the regular representation of the orbifold funda- 
mental group. Thus, the regular representation of the orbifold fundamental group 
admits a flat deformation to a representation of the Hecke algebra, implying that 
the Hecke algebra is flat. The theorem is proved. 

3.6. Examples. In this subsection we would like to discuss a few examples of Hecke 
algebras and of application of Theorem 13. 31 

Example 3.6. Let f) be a finite dimensional vector space, and M^ be a complex 
reflection group in GL(f)). Then 1-Lt{\),W) is the Hecke algebra of W studied in 
|BMR| ■ It follows from Theorem 13 . 31 that this Hecke algebra is flat. This proof of 
flatness is in fact the same as the original proof of this result given in |BMRj (based 
on the Dunkl-Opdam-Cherednik operators). 

Example 3.7. Let T be a maximal torus of a simply connected simple Lie group 
G, and W = W{T) be its Weyl group. Then Hr{T, W) is the afflne Hecke algebra. 
This algebra is also flat by Theorem 13.31 In fact, its flatness is a well known result 
from representation theory; our proof of flatness is essentially due to Cherednik 

m- 

Example 3.8. Let W^T be as in the previous example, and Q^ be the dual root 
lattice of G. Let E be an elliptic curve, and X = E ® Q^ be the corresponding 
Looijenga variety. Then Ht{X, W) is the double afflne Hecke algebra of Cherednik 
(EBI)) and it is flat by Theorem 13.31 The fact that this algebra is flat was proved 
by Cherednik, Sahi, Noumi, Stokman (see |Ch | . |Sa | . | NoSt | . [5t | ) using a different 
approach (q-deformed Dunkl operators). 
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Example 3.9. Let iJ be a simply connected complex Riemann surface (i.e., Rie- 
mann sphere, Euclidean plane, or Lobachevsky plane), and F be a cocompact lattice 
in Aut(_ff). Let E = H/T. Then S is a compact complex Riemann surface. When 
F contains elliptic elements (i.e., nontrivial elements of finite order), we are going 
to regard E as an orbifold: it has special points Pi, i — 1, ..., m with stabilizers Z„. . 
Then F is the orbifold fundamental group of E. 

Let g be the genus of E, and a^, 6^, i = 1, ..., 5, be the a-cycles and b-cycles of E. 
Let Cj be the counterclockwise loops around Pj . Then F is generated by ai,bi, Cj 
with relations 

c"' = 1, ciC2...c„i = ]^a/6/a,""^6j"^ 
I 
For each j, introduce formal parameters Tkj, k = 1, ...,nj. Define the Hecke algebra 
7iT-(5]) of E to be generated over C[[t]] by the same generators a/, 6/, Cj with defining 
relations 

l[{c, - e2-^/"^e^''0 = 0, ciC2...Cm = Y[aibia^\\ 

k=l I 

Thus 7ir(E) is a deformation of C[F]. 

We claim that this deformation is flat if i/ is a Euclidean plane or a Lobachevsky 
plane. To show this, let F' be a normal subgroup of F of finite index acting freely 
on H. Let G = F/F', and X = H/T'. Then Hr(E) = HriX^G), so the result 
follows from Theorem VA.'M and the fact that ■n2{X) — tt2{H) — 0. 

Remark 1. We note that if H is the Riemann sphere (so that the condition 
TT2{X) (g) Q = is violated) and F 7^ 1 then this deformation is not flat. Indeed, let 
T = T{h) be a 1-parameter subdeformation of 7ir(E) which is flat. Let us compute 
the determinant of the product ci...Cm in the regular representation of this algebra 
(which is finite dimensional if H is the sphere). On the one hand, it is 1, as ci...Cm 
is a product of commutators. On the other hand, the eigenvalues of Cj in this 
representation are e^'^'-'' "^ e'^''^ with multiplicity |F|/nj. Computing determinants 
as products of eigenvalues, we get a nontrivial equation on Tkj{h), which means 
that the deformation Ht is not fiat. 

Remark 2. In the case when H is a. Euclidean plane (so F = Z^ x Z'^, £ = 
1, 2, 3, 4, 6), the algebras HtCS) were considered in |EOR,| . and it was proved (by a 
different method) that they are flat^. The case £ = 1 is trivial. In the special case 
when i — 2, this was done earlier by Sahi, Noumi, and Stokman ('|Sa|. |No5tllSt| '): 
in this case the Hecke algebra is a generalized Cherednik algebra of rank 1 that 
controls Askey- Wilson polynomials. 

Remark 3. If <? = 0, then finite dimensioanl representations of ^^.(E) are closely 
related to solutions of the multiplicative Deligne-Simpson problem, see |CB| . 



Example 3.10. This is a "multivariate" version of the previous example. Namely, 
letting X, G, F be as in the previous example, and n > 1, we consider the manifold 
X" with the action of S,, k G". Then HriX",S„ k G") is a flat deformation 
of the group algebra C[S'„ k F"]. If n > 1, this algebra has one more essential 
parameter than for n = 1; thus we can regard it as a 1-parameter deformation 
of Sn X Ti-T'iXjG), where r = {t' ,k), and fc is a scalar parameter (in fact, there 



Note that closely related fiat algebras (called multiplicative preprojective algebras) were con- 
sidered in ICB^ . 
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are two additional parameters, but one of them is redundant). These algebras are 
considered in the paper jEGOj . 



Example 3.11. Recall that in |EGj Ginzburg and the author attach to any finite 
subgroup G in Sp{2n, C) a family of algebras called symplectic reflection algebras, 
parametrized by a complex number t and a function c on the set of conjugacy classes 
of symplectic reflections in G. Here we are going to define a trigonometric analog 
of this construction, by assigning a family of algebras parametrized by conjugacy 
classes of afiine reflections to any finite subgroup G C Sp{2n, Z). 

Let L be a symplectic lattice of rank 2n, and G a finite subgroup of Sp(L). We 
would like to deform the group algebra of the group F = G k L. For this purpose we 
will realize F as the orbifold fundamental group and then pass to the corresponding 
Hecke algebra. To do so, let C/ = M L be the corresponding symplectic vector 
space. Let u be the symplectic form on this space. To make things simple, assume 
that w is a unique, up to scaling, G-invariant symplectic form on U. Pick a G- 
invariant Kahler structure on U, such that its imaginary part is w (this can be 
done by averaging any Kahler structure with imaginary part uj over G). This 
makes U into a complex n-dimensional vector space, on which G acts C-linearly. 
Consider the analytic abelian variety X — C//L. Clearly, G acts holomorphically 
on X, 7r°'^^{X/G) = F, and 7r2(X) — 0, so we can define a flat deformation of C[F], 
the Hecke algebra Ht {X, G) . 

We will now show that the essential parameters in this family of algebras are a 
complex number q and a function on the set of conjugacy classes of affine reflections 
in G K L, i.e., elements whose fixed set in U has real codimension 2 (or complex 
codimension 1). 

Indeed, the parameters r correspond by an invertible transformation to {c,r]). 
Recall that c is a function on the set S of pairs (F, g) such that g £ G and Y is 
a component of X^ which has codimension 1. We observe that S* is in a natural 
bijection with the set of conjugacy classes of affine reflections in G k L. Thus it 
remains to observe that 77 gives only one more essential parameter, since for any 
y, the line bundle Ox{GY) is G-equivariant, and thus its first Chern class is a 
multiple of lo. 

Example 3.12. (D. Kazhdan). This is a multidimensional version of Example 
13.91 Let X be the n-dimensional complex hyperbolic space HJ^, and F be a finitely 
generated discrete group of motions of X, i.e. a discrete subgroup of PSU{n, 1). 
(There are a number of interesting groups of this type generated by complex hype- 
bolic reflections, such as Mostow groups F(p, t), |Moj ). Let F' be a normal subgroup 
of finite index in F which acts freely on X (it exists by Selberg's lemma), and let 
X = X/T', G = F/F'. Then the Hecke algebra W^(X, G) is flat (since 7r2(X) = 0). 

Remark. In fact, in the theory of global Cherednik algebras for analytic varieties 
discussed in this section, it is not important that the group G is finite, but it only 
matters that it acts on X properly discontinuously. Thus, if X is a complex manifold 
and G a discrete group acting properly discontinuously and holomorphically on X, 
then one can define the Hecke alegbra Ht {X, G) and show (similarly to Theorem 
13.3(1 that this Hecke algebra is fiat if tt2{X) (8> Q = 0. Moreover, it is easy to see 
that T-ir{X, G) is isomorphic to TCt{X, tt°'^^ {X / G)) . (This shows, for instance, that 
the Hecke algebras of Example 13 . 1 21 are independent on the choice of the group F'). 
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